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QUANTITATIVE GROTHENDIECK PROPERTY
HANA BENDOVA´
Abstract. A Banach space X is Grothendieck if the weak and the weak∗ con-
vergence of sequences in the dual spaceX∗ coincide. The space ℓ∞ is a classical
example of a Grothendieck space due to Grothendieck. We introduce a quanti-
tative version of the Grothendieck property, we prove a quantitative version of
the above-mentioned Grothendieck’s result and we construct a Grothendieck
space which is not quantitatively Grothendieck. We also establish the quanti-
tative Grothendieck property of L∞(µ) for a σ-finite measure µ.
1. Introduction
A Banach space X is said to be Grothendieck if the weak and the weak∗ con-
vergence of sequences in the dual space X∗ coincide. The space ℓ∞ is a classical
example of a Grothendieck space due to Grothendieck [10]. Some other examples
are C(K) where K is an F -space [19], weak Lp spaces [18], and the Hardy space
H∞ [2]. R. Haydon has constructed a Grothendieck space which does not contain
ℓ∞ [11].
In this paper, we introduce a quantitative version of the Grothendieck property.
Our inspiration comes from many recent quantitative results. Quite a few prop-
erties and theorems have been given a quantitative form lately. Let us mention
quantitative versions of Krein’s theorem [5, 9, 7, 3], quantitative versions of the
Eberlein-Sˇmulyan and the Gantmacher theorem [1], quantitative version of James’
compactness theorem [4, 8], quantitative weak sequential continuity and quantita-
tive Schur property [13, 14], quantification of Dunford Pettis [12] and reciprocal
Dunford-Pettis property [17].
The definition of the Grothendieck property can be rephrased as follows. A Ba-
nach space X is Grothendieck if every weak∗ Cauchy sequence in X∗ is weakly
Cauchy. The quantitative version is derived from this formulation in the following
way. Let X be a Banach space and (x∗n) be a bounded sequence in X
∗. Define
δw(x
∗
n) = sup
x∗∗∈BX∗∗
inf
n∈N
sup
k,l≥n
|x∗∗(x∗k)− x
∗∗(x∗l )|
the “measure of weak non-cauchyness” of the sequence (x∗n), and
δw∗(x
∗
n) = sup
x∈BX
inf
n∈N
sup
k,l≥n
|x∗k(x) − x
∗
l (x)|
the “measure of weak∗ non-cauchyness” of the sequence (x∗n). The quantities
δw(x
∗
n) and δw∗(x
∗
n) are equal to zero if and only if the sequence (x
∗
n) is weakly
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and weak∗ Cauchy, respectively. We now replace the implication in the definition
of the Grothendieck property by an inequality between these two quantities, which
is a stronger condition.
Definition (quantitative Grothendieck property). Let c ≥ 1. A Banach space X
is c-Grothendieck if
δw(x
∗
n) ≤ cδw∗(x
∗
n)
whenever (x∗n) is a bounded sequence in X
∗.
Section 2 establishes the relation between the quantitative Grothendieck prop-
erty and (I)-envelopes of unit balls. It is then used to prove the following quanti-
tative version of the above-mentioned Grothendieck’s result.
Theorem 1.1. The space ℓ∞ is 1-Grothendieck.
If X is c-Grothendieck for some c ≥ 1, then it is Grothendieck. In section 3 we
show that the converse is not true.
Theorem 1.2. There is a Grothendieck space which is not c-Grothendieck for any
c ≥ 1.
Section 4 contains a generalization of Theorem 1.1 and its consequences.
2. Relation to (I)-envelopes
In this section, we characterize the quantitative Grothendieck property using
(I)-envelopes. Some results on (I)-envelopes presented in [15] and [16] have been
found extremely useful to us.
Definition. Let X be a Banach space and B ⊂ X∗. The (I)-envelope of B is
defined by
(I)-env(B) =
⋂
co
∞⋃
n=1
coCn
w∗
‖·‖
: B =
∞⋃
n=1
Cn

 .
Any Banach space X is considered to be canonically embedded into its bidual
X∗∗. If B is a set in a Banach space X , then B is regarded as a subset of X∗∗ and
so is the (I)-envelope of B. By B
w∗
we mean the weak∗ closure of B in X∗∗.
The following lemma, proved by Kalenda [15, Lemma 2.3], provides the charac-
terization of (I)-envelopes. It allows us to prove Proposition 2.2, which describes
the relation between (I)-envelopes and the quantitative Grothendieck property.
Lemma 2.1. Let X be a Banach space, B ⊂ X be a closed convex set and z∗∗ ∈
B
w∗
. Then the following conditions are equivalent:
(1) z∗∗ /∈ (I)-env(B);
(2) there is a sequence (ξ∗n) in BX∗ such that
sup
x∈B
lim sup
n→∞
ξ∗n(x) < inf
n∈N
z∗∗(ξ∗n);
(3) there is a sequence (ξ∗n) in BX∗ such that
sup
x∈B
lim sup
n→∞
ξ∗n(x) < lim inf
n→∞
z∗∗(ξ∗n);
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(4) there is a sequence (ξ∗n) in BX∗ such that
sup
x∈B
lim sup
n→∞
ξ∗n(x) < lim sup
n→∞
z∗∗(ξ∗n).
Proposition 2.2. Let X be a Banach space and c ≥ 1. Then X is c-Grothendieck
if and only if (I)-env(BX) ⊃
1
c
BX∗∗.
Proof. Suppose that X is not c-Grothendieck. Find a bounded sequence (x∗n) in
X∗ such that δw(x
∗
n) > cδw∗(x
∗
n), i.e.
sup
x∗∗∈BX∗∗
inf
n∈N
sup
k,l≥n
|x∗∗(x∗k)− x
∗∗(x∗l )| > c sup
x∈BX
inf
n∈N
sup
k,l≥n
|x∗k(x)− x
∗
l (x)|.
There is no loss of generality in assuming that x∗n ∈ BX∗ , n ∈ N. Let x
∗∗ ∈ BX∗∗
be such that
inf
n∈N
sup
k,l≥n
|x∗∗(x∗k)− x
∗∗(x∗l )| > c sup
x∈BX
inf
n∈N
sup
k,l≥n
|x∗k(x) − x
∗
l (x)|,
and set z∗∗ = 1
c
x∗∗. Then z∗∗ ∈ 1
c
BX∗∗ , and
(1)
lim sup
n→∞
z∗∗(x∗n)− lim inf
n→∞
z∗∗(x∗n) = inf
n∈N
sup
k,l≥n
|z∗∗(x∗k)− z
∗∗(x∗l )|
=
1
c
inf
n∈N
sup
k,l≥n
|x∗∗(x∗k)− x
∗∗(x∗l )|
> sup
x∈BX
inf
n∈N
sup
k,l≥n
|x∗k(x) − x
∗
l (x)|
= sup
x∈BX
(
lim sup
n→∞
x∗n(x) − lim inf
n→∞
x∗n(x)
)
.
Find subsequences (y∗k) and (z
∗
k) of the sequence (x
∗
n) for which
lim supn→∞ z
∗∗(x∗n) = limk→∞ z
∗∗(y∗k), and lim infn→∞ z
∗∗(x∗n) = limk→∞ z
∗∗(z∗k).
Set ξ∗k =
1
2 (y
∗
k − z
∗
k), k ∈ N. Then (ξ
∗
k) is a sequence in BX∗ , and
lim
k→∞
z∗∗(ξ∗k) =
1
2
(
lim
k→∞
z∗∗(yk)− lim
k→∞
z∗∗(zk)
)
=
1
2
(
lim sup
n→∞
z∗∗(x∗n)− lim inf
n→∞
z∗∗(x∗n)
)
(1)
>
1
2
sup
x∈BX
(
lim sup
n→∞
x∗n(x)− lim inf
n→∞
x∗n(x)
)
≥
1
2
sup
x∈BX
(
lim sup
k→∞
y∗k(x)− lim inf
k→∞
z∗k(x)
)
≥
1
2
sup
x∈BX
lim sup
k→∞
(y∗k(x) − z
∗
k(x))
= sup
x∈BX
lim sup
k→∞
ξ∗k(x).
By Lemma 2.1, z∗∗ /∈ (I)-env(BX), and so (I)-env(BX) 6⊃
1
c
BX∗∗ .
Now suppose that X is c-Grothendieck and fix arbitrary z∗∗ ∈ 1
c
BX∗∗ . Let (x
∗
n)
be a sequence in BX∗ . Then δw(x
∗
n) ≤ cδw∗(x
∗
n), that is
sup
x∗∗∈BX∗∗
(
lim sup
n→∞
x∗∗(x∗n)−lim inf
n→∞
x∗∗(x∗n)
)
≤ c sup
x∈BX
(
lim sup
n→∞
x∗n(x)−lim inf
n→∞
x∗n(x)
)
.
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Since cz∗∗ ∈ BX∗∗ , it follows that
lim sup
n→∞
z∗∗(x∗n)− lim inf
n→∞
z∗∗(x∗n) =
1
c
(
lim sup
n→∞
cz∗∗(x∗n)− lim inf
n→∞
cz∗∗(x∗n)
)
≤ sup
x∈BX
(
lim sup
n→∞
x∗n(x) − lim inf
n→∞
x∗n(x)
)
.
For k ∈ N find an xk ∈ BX satisfying
lim sup
n→∞
x∗n(xk)− lim inf
n→∞
x∗n(xk) > lim sup
n→∞
z∗∗(x∗n)− lim inf
n→∞
z∗∗(x∗n)−
2
k
.
Then either lim supn→∞ x
∗
n(xk) > lim supn→∞ z
∗∗(x∗n)−
1
k
or lim infn→∞ x
∗
n(xk) <
lim infn→∞ z
∗∗(x∗n) +
1
k
. If the former inequality holds for infinitely many k ∈ N,
then lim supn→∞ z
∗∗(x∗n) ≤ supx∈BX lim supn→∞ x
∗
n(x). Otherwise the latter holds
for infinitely many k ∈ N, and lim infn→∞ z
∗∗(x∗n) ≥ infx∈BX lim infn→∞ x
∗
n(x),
which gives lim supn→∞−z
∗∗(x∗n) ≤ supx∈BX lim supn→∞ x
∗
n(x).
So far we have shown that whenever (x∗n) is a sequence in BX∗ , either
lim sup
n→∞
z∗∗(x∗n) ≤ sup
x∈BX
lim sup
n→∞
x∗n(x) or lim sup
n→∞
−z∗∗(x∗n) ≤ sup
x∈BX
lim sup
n→∞
x∗n(x).
Consider now an arbitrary sequence (x∗n) in BX∗ . Set (y
∗
n)n= (x
∗
1,−x
∗
1, x
∗
2,−x
∗
2, . . .).
From what has already been proved, we obtain
lim sup
n→∞
z∗∗(y∗n) = lim sup
n→∞
−z∗∗(y∗n) ≤ sup
x∈BX
lim sup
n→∞
y∗n(x).
Hence
lim sup
n→∞
z∗∗(x∗n) ≤ lim sup
n→∞
z∗∗(y∗n) ≤ sup
x∈BX
lim sup
n→∞
y∗n(x)
= sup
x∈BX
max{lim sup
n→∞
x∗n(x), lim sup
n→∞
−x∗n(x)}
= sup
x∈BX
lim sup
n→∞
x∗n(x).
Lemma 2.1 gives z∗∗ ∈ (I)-env(B), which shows that 1
c
BX∗∗ ⊂ (I)-env(B). 
We are now able to prove Theorem 1.1. It is a trivial consequence of Proposition
2.2 and Kalenda’s theorem [15, Example 4.1], which says that (I)-env(Bℓ∞) =
B(ℓ∞)∗∗ .
3. The relation between Grothendieck property and its quantitative
version
We have already mentioned that the quantitative Grothendieck property is
stronger than its original qualitative version. This section is devoted to the con-
struction of a Banach space which is Grothendieck but not c-Grothendieck for any
c ≥ 1.
The following proposition is a strengthening of Kalenda’s theorem [16, Theorem
2.2], and its proof is a modification of the original one.
Proposition 3.1. Let X be a nonreflexive Banach space and c ≥ 1. Then there
exists an equivalent norm |||·||| on X such that (X, |||·|||) is not c-Grothendieck.
Proof. If X is separable, then (I)-env(BX) = BX (see [15, Remark 1.1(ii)]). By
nonreflexivity, 1
c
BX∗∗ 6⊂ BX for any c ≥ 1, so the assertion follows from Proposi-
tion 2.2. Renorming is not necessary.
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Suppose that X is nonseparable. Find a separable subspace Y ⊂ X which
is not reflexive. Let x∗ ∈ SX∗ be such that x
∗|Y = 0, and fix x0 ∈ X with
x∗(x0) = 1. Obviously, ‖x0‖ ≥ 1. The bidual Y
∗∗ can be canonically identified
with the w∗-closure of Y in X∗∗, and Y = Y ∗∗ ∩ X . Thus we can find some
y∗∗ ∈ SY ∗∗ \X . Set Z = span(Y ∪{x0}). Since y
∗∗ ∈ Z∗∗ \Z, y∗∗|BZ∗ is not weak
∗
continuous. Clearly, Z is separable, thus (BZ∗ , w
∗) is metrizable, hence y∗∗|BZ∗ is
not even weak∗ sequentially continuous. Therefore there exists a sequence (x˜∗n) in
BZ∗ weak
∗ converging to 0 and η ∈ (0, 1] such that y∗∗(x˜∗n) ≥ η, n ∈ N. For each
n ∈ N extend x˜∗n to x
∗
n ∈ BX∗ by the Hahn-Banach theorem.
Define
B =
{
x ∈ X : ‖x− x∗(x)x0‖ ≤ 1 and |x
∗(x)|+ dist(x − x∗(x)x0, Y ) ≤
η
c
}
.
Then B is a closed absolutely convex set. Moreover, we show that
η
c(2 + ‖x0‖)
BX ⊂ B ⊂
(
1 +
η
c
)
‖x0‖BX .
For x ∈ B we have
‖x‖ ≤ 1 + |x∗(x)|‖x0‖ ≤ ‖x0‖+
η
c
‖x0‖,
which proves the second inclusion. To prove the first one let x ∈ BX . Then
|x∗(x)| ≤ 1,
‖x− x∗(x)x0‖ ≤ 1 + ‖x0‖,
dist(x− x∗(x)x0, Y ) ≤ ‖x− x
∗(x)x0‖ ≤ 1 + ‖x0‖.
Hence for z = ηx
c(2+‖x0‖)
we have
‖z − x∗ (z)x0‖ =
η
c(2 + ‖x0‖)
‖x− x∗(x)x0‖ ≤
η
c
1 + ‖x0‖
2 + ‖x0‖
≤ 1,
and
|x∗(z)|+ dist (z − x∗ (z)x0, Y ) ≤
η
c(2 + ‖x0‖)
+
η
c(2 + ‖x0‖)
(1 + ‖x0‖)
≤
η
c
1 + 1 + ‖x0‖
2 + ‖x0‖
=
η
c
.
Thus B is the unit ball of an equivalent norm on X . According to Proposition 2.2,
we shall have established the proposition if we show that 1
c
B
w∗
6⊂ (I)-env(B).
Set z∗∗ = 1
c
(η
c
x0+ y
∗∗). Let (yν) be a net in BY weak
∗ converging to y∗∗. Then
η
c
x0 + yν weak
∗ converges to η
c
x0 + y
∗∗. Furthermore, η
c
x0 + yν ∈ B since
x∗
(η
c
x0 + yν
)
=
η
c
x∗(x0) + x
∗(yν) =
η
c
,
∥∥∥η
c
x0 + yν − x
∗
(η
c
x0 + yν
)
x0
∥∥∥ = ‖yν‖ ≤ 1,
dist
(η
c
x0 + yν − x
∗
(η
c
x0 + yν
)
x0, Y
)
= dist(yν , Y ) = 0.
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Therefore z∗∗ ∈ 1
c
B
w∗
. It remains to prove that z∗∗ /∈ (I)-env(B). Define ξ∗n =
x∗ + x∗n, n ∈ N. Then (ξ
∗
n) is a bounded sequence in X
∗, and
lim inf
n→∞
z∗∗(ξ∗n) =
1
c
lim inf
n→∞
(
x∗
(η
c
x0
)
+ x∗n
(η
c
x0
)
+ y∗∗(x∗) + y∗∗(x∗n)
)
=
1
c
(η
c
+
η
c
lim
n→∞
x∗n(x0) + y
∗∗(x∗) + lim inf
n→∞
y∗∗(x∗n)
)
≥
1
c
(η
c
+ 0 + 0 + η
)
=
c+ 1
c
η
c
>
η
c
.
In the last inequality, we have used the following two facts. Firstly, x∗n(x0)→ 0, as
x0 ∈ Z. Secondly, y
∗∗(x∗) = 0, since y∗∗ ∈ Y
w∗
and x∗|Y = 0. On the other hand,
if x ∈ B, y ∈ Y are arbitrary, then
lim sup
n→∞
ξ∗n(x) = x
∗(x)+ lim sup
n→∞
(x∗n(x− x
∗(x)x0 − y) + x
∗
n(x0)x
∗(x) + x∗n(y))
= x∗(x)+ lim sup
n→∞
x∗n(x − x
∗(x)x0 − y)+ lim
n→∞
x∗n(x0)x
∗(x)+ lim
n→∞
x∗n(y)
≤ x∗(x)+ lim sup
n→∞
‖x∗n‖‖x− x
∗(x)x0 − y‖+ 0 + 0
≤ x∗(x)+ lim sup
n→∞
‖x− x∗(x)x0 − y‖,
because x0, y ∈ Z, and x
∗
n(z)→ 0 for all z ∈ Z. Hence for every x ∈ B
lim sup
n→∞
ξ∗n(x) ≤ |x
∗(x)| + dist(x− x∗(x)x0, Y ) ≤
η
c
.
We thus obtain
lim inf
n→∞
z∗∗(ξ∗n) >
η
c
≥ sup
x∈B
lim sup
n→∞
ξ∗n(x).
Lemma 2.1 yields z∗∗ /∈ (I)-env(B), which completes the proof. 
Lemma 3.2. Suppose that Xn, n ∈ N, are Grothendieck spaces. Then the space
X = ⊕ℓ2Xn is also Grothendieck.
Proof. The dual space X∗ and the bidual space X∗∗ can be represented as ⊕ℓ2X
∗
n
and ⊕ℓ2X
∗∗
n , respectively. Let (x
∗
k) be a sequence in X
∗ which weak∗ converges to
x∗ ∈ X∗. For x ∈ X we have x∗k(x)→ x
∗(x), that is
∞∑
n=1
x∗k(n)(x(n))→
∞∑
n=1
x∗(n)(x(n)), k →∞.
Let n ∈ N. If xn ∈ Xn, then x¯n = (0, . . . , 0, xn, 0, 0, . . . ) ∈ X , and so
x∗k(n)(xn) = x
∗
k(x¯n)→ x
∗(x¯n) = x
∗(n)(xn), k →∞.
Hence the sequence (x∗k(n))k converges to x
∗(n) in the weak∗ topology, and by the
Grothendieck property even in the weak topology.
To prove that x∗k weakly converges to x
∗, fix arbitrary x∗∗ ∈ X∗∗. Then
x∗∗(n)(x∗k(n))→ x
∗∗(n)(x∗(n)), n ∈ N. We need to establish
lim
k→∞
∞∑
n=1
x∗∗(n)(x∗k(n)) = lim
k→∞
x∗∗(x∗k) = x
∗∗(x∗) =
∞∑
n=1
x∗∗(n)(x∗(n)),
so the proof is completed by showing that the sum
∑∞
n=1 x
∗∗(n)(x∗k(n)) is uniformly
convergent with respect to k ∈ N.
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Let ε > 0 and k ∈ N be arbitrary. If j ∈ N, then
∣∣∣ ∞∑
n=j
x∗∗(n)(x∗k(n))
∣∣∣ ≤ ∞∑
n=j
‖x∗∗(n)‖‖x∗k(n)‖
≤
( ∞∑
n=j
‖x∗∗(n)‖2
) 1
2
( ∞∑
n=j
‖x∗k(n)‖
2
) 1
2
≤
( ∞∑
n=j
‖x∗∗(n)‖2
) 1
2
‖x∗k‖X∗ .
The sequence (x∗k)k is bounded by the uniform boundedness principle. Hence
M > 0 can be found such that ‖x∗k‖X∗ ≤ M , k ∈ N. As x
∗∗ ∈ ⊕ℓ2X
∗∗
n , the
sum
∑∞
n=1 ‖x
∗∗(n)‖2 is convergent. Thus we can choose j0 ∈ N such that for
j ≥ j0
∞∑
n=j
‖x∗∗(n)‖2 ≤
ε2
M2
.
Then for all j ≥ j0
∣∣∣ ∞∑
n=j
x∗∗(n)(x∗k(n))
∣∣∣ ≤ ( ε2
M2
) 1
2
·M = ε,
which is the desired conclusion. 
Lemma 3.3. Let X be a Banach space and c ≥ 1. If X is c-Grothendieck, and Y
is a quotient of X, then Y is c-Grothendieck.
Proof. Let q : X → Y be a quotient map. It is easily seen that the dual operator
q∗ : Y ∗ → X∗ is an isometric embedding. Consequently, q∗∗ : X∗∗ → Y ∗∗ satisfy
q∗∗(BX∗∗) = BY ∗∗ . Indeed, for x
∗∗ ∈ BX∗∗
‖q∗∗x∗∗‖ = ‖x∗∗ ◦ q∗‖ ≤ ‖x∗∗‖‖q∗‖ = ‖x∗∗‖ ≤ 1,
thus q∗∗x∗∗ ∈ BY ∗∗ . Let y
∗∗ ∈ BY ∗∗ be arbitrary. Define a linear functional x
∗∗ on
q∗(Y ∗) ⊂ X∗ by x∗∗(q∗y∗) = y∗∗(y∗), y∗ ∈ Y ∗, and extend it to a linear functional
onX∗ with the same norm by the Hahn-Banach theorem. Obviously, ‖x∗∗‖ = ‖y∗∗‖
and q∗∗x∗∗ = y∗∗.
Let (y∗n) be a bounded sequence in Y
∗. Then
(2)
δw(q
∗y∗n) = sup
x∗∗∈BX∗∗
inf
n∈N
sup
k,l≥n
|x∗∗(q∗y∗k)− x
∗∗(q∗y∗l )|
= sup
x∗∗∈BX∗∗
inf
n∈N
sup
k,l≥n
|q∗∗x∗∗(y∗k)− q
∗∗x∗∗(y∗l )|
= sup
y∗∗∈BY ∗∗
inf
n∈N
sup
k,l≥n
|y∗∗(y∗k)− y
∗∗(y∗l )| = δw(y
∗
n),
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and
(3)
δw∗(q
∗y∗n) = sup
x∈BX
inf
n∈N
sup
k,l≥n
|q∗y∗k(x) − q
∗y∗l (x)|
= sup
x∈BX
inf
n∈N
sup
k,l≥n
|y∗k(qx) − y
∗
l (qx)|
= sup
x∈X,‖x‖<1
inf
n∈N
sup
k,l≥n
|y∗k(qx) − y
∗
l (qx)|
= sup
y∈y,‖y‖<1
inf
n∈N
sup
k,l≥n
|y∗k(y)− y
∗
l (y)|
= sup
y∈BY
inf
n∈N
sup
k,l≥n
|y∗k(y)− y
∗
l (y)| = δw∗(y
∗
n),
where the fourth equality follows from the fact that q is a quotient map. Since
X is c-Grothendieck, δw(q
∗y∗n) ≤ cδw∗(q
∗y∗n). Together with (2) and (3), it yields
δw(y
∗
n) ≤ cδw∗(y
∗
n), so Y is c-Grothendieck. 
Proof of Theorem 1.2. By Proposition 3.1, for each n ∈ N we can find an equivalent
norm ‖ · ‖n on ℓ∞ such that the space Xn = (ℓ∞, ‖ · ‖n) is not n-Grothendieck.
Set X = ⊕ℓ2Xn. Then X is Grothendieck by Lemma 3.2, for all Xn, n ∈ N, are
Grothendieck spaces. Moreover, each Xn is a quotient of X . Suppose that there
is some c ≥ 1 such that X is c-Grothendieck. Find n ∈ N, n > c. Then X is
n-Grothendieck and, by Lemma 3.3, Xn should also be n-Grothendieck, which is
a contradiction. 
4. More general results
Kalenda’s theorem [15, Example 4.1], which we have used to prove a quantitative
version of Grothendieck’s theorem (Theorem 1.1), can be generalized and then
applied in the same way to obtain more general quantitative results.
Theorem 4.1. Let Γ be a set and E = ℓ∞(Γ). Then (I)-envBE = BE∗∗ .
Proof. The proof of [15, Example 4.1] works here as well. It suffices to replace N by
Γ in the right places. Lemmata 4.4 and 4.5 remain unchanged. We prove Lemma
4.6 for sequences of measures on Γ by substituting N with Γ wisely. Then we use it
to prove Propositions 4.3 and 4.2 for measures on Γ just as in the original proof. 
Theorem 4.2. The space ℓ∞(Γ) is 1-Grothendieck for each set Γ.
Proof. It follows from Theorem 4.1 and Proposition 2.2. 
Corollary 4.3. Let µ be a σ-finite measure on a measurable space X. Then L∞(µ)
is 1-Grothendieck.
Proof. If µ is σ-finite, then L∞(µ) is 1-injective (see for instance [6, (5.91)]) and
thus 1-complemented in ℓ∞(Γ) for some set Γ, which is a 1-Grothendieck space by
Theorem 4.2. By Lemma 3.3, L∞(µ) is 1-Grothendieck. 
The space in Corollary 4.3 is 1-complemented in ℓ∞(Γ). In fact, not only
1-complemented subspaces but all quotients of ℓ∞(Γ) are 1-Grothendieck.
Corollary 4.4. Let Γ be an arbitrary set. Each quotient of the space ℓ∞(Γ) is
1-Grothendieck.
Proof. It is a consequence of Theorem 4.2 and Lemma 3.3. 
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Let us remark finally that we do not know whether the other spaces with the
Grothendieck property mentioned in the introduction enjoy the quantitative version
as well.
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